We prove that factor groups of cartesian powers of finite non-abelian simple groups cannot be countably infinite. This is not our main result, but it had been our original aim. The proof is based on a similar fact concerning er-complete Boolean algebras, and on a representation of certain subcartesian powers of a group in its group ring over a Boolean ring. This representation, to which we give the name "Boolean power", will be our central theme, and we begin with it.
Boolean powers
Let G be a group (with unit element e) and R a Boolean ring (with unit element 1). In the group ring of G over R we consider those finite sums P = 2,Pa<t (Pa^R.aeG) that satisfy PaPb = 0 if a # b, 2 Pa = 1-They form a group, which we call a Boolean power l of G and denote by
P = BP(G, R).
It is generated by the elements pa-\-(l-p)e, with p and a ranging over R and G, respectively; for fixed p these elements form an isomorphic copy of G, which in the special case p = 1 is called the diagonal of P. We define the support of p e P by
Instead of Boolean rings we could have used arbitrary rings, and we have allowed for this by writing 1 -p for 1 +p; but the resulting gain in generality is illusory.
A more important generalization is obtained if G and R are infinite and infinite sums 2 p « a a r e admitted; this requires that the Boolean ring be complete, or at least in-complete 2 if sums with m terms are to be given a meaning. The group so obtained will be called an m-complete Boolean power, and denoted by P* = BP*(G, R);
the cardinal ttt will usually be the order |G| of G, unless differently specified. An important illustration is provided by R* = GF (2) 7 , where / is an arbitrary index set; thus R* is the Boolean ring that corresponds to the Boolean algebra 0>(I) of all subsets oil. As R* is complete, we can form P*. whatever the group G; and P* is isomorphic to the cartesian power G r . If G or / is finite, then P* and P coincide; but if G and / are both infinite, then P is a proper subgroup of P*, namely that which in the natural isomorphism between P* and G 1 corresponds to the "bounded" subgroup of G 1 , consisting of those functions on / to G that take only finitely many values.
The Boolean powers BP(G, R) will be called finitary if it is necessary to distinguish them from complete or m-complete ones. We shall concentrate mainly on the finitary Boolean powers, and treat the others only sketchily.
A representation, similar to ours, of the normal subgroups of G 1 that correspond to ideals of R* has been studied by Teh [5] .
Ideals and normal subgroups
If <p is a homomorphism of the Boolean ring R into a Boolean ring S such that <p maps 1 e R on 1 e S, then <p induces a homomorphism ip of P = BP(G, R) into Q = BP(G, 5) by Let / denote the kernel of <p and N the kernel of y. Then (2) N^freP\o(j>)€j};
ihus to every ideal J of R there corresponds a normal subgroup (3) N = Jv of P; and v then maps the lattice 3 of all ideals of R into the lattice 9? of all normal subgroups of P. In fact v is a lattice monomorphism, as can be easily Verified; but v is not in general an epimorphism. If R is m-complete and the m-complete Boolean power P* = BP* (G, R) is considered, the analogue of equation (1) may be devoid of meaning, unless S is also m-complete; but in analogy to (2) , (3) we can define a mapping v* by N* = Jv* = {p e P*\a(p) ej};
and N* will be a normal subgroup of P*. It is again easy to verify that v* use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700027749 is a lattice monomorphism of £$ into the lattice 31* of all normal subgroups of P*.
Next let N be a normal subgroup of P = BV(G, R) and put
Then J will be subset of R, but not in general an ideal. If G has trivial centre, then p maps the lattice 31 of normal subgroups of. P onto the lattice 3 of ideals of R: but /i is in general neither a homomorphism nor one-to-one.
If the m-complete Boolean power P* = BP*(G, R) is defined, one can use (4) to define a mapping /i* from the lattice 31* of normal subgroups of P* to 3» provided that G has trivial centre; and again use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700027749 for all J e % and N* ^N*fi*v* for all N* e 3J*. We omit the proof.
The main result
We now investigate when n and v can be mutually inverse isomorphisms. Leaving aside the trivial cases that G or R have a single element only, we see at once that this can be the case only if G is a non-abelian simple group. Our main result is that this obviously necessary condition is also sufficient. LEMMA 
Let G be a non-abelian simple group; then to every pair of elements a, b of G with a ^ e there is a positive integer n and a sequence of 2w
as c, d range over G, then F is clearly self-conjugate in G and self-inverse, and contains the unit element e but not only e. Hence
as G is simple; thus there is an integer n such that b e F n , and the lemma follows.
We remark that if G is finite, then n can be taken equal to the order of G, whatever the pair a, b; and probably much smaller. On the other hand, one can also choose n arbitrarily larger than necessary by adding factors f(e, e) = e ad libitum. Thus we obtain the following apparent extension of Lemma 2, which is what will in fact be used later. COROLLARY 
Let A, B be finite subsets of the non-abelian simple group G, and assume e $ A. Then there is a positive integer n and a family of elements c t {a, b), d t {a, b) with i = 1, 2, • • •, n and a e A, b e B such that, for all such a and b,
One only needs to choose n large enough to suffice for all pairs a e A, b e B simultaneously. LEMMA As q eN and thus p e a b = 0, the coefficient of an element b ^ e in (5) 
. Let G be a non-abelian simple group and R a Boolean ring. Then v : 5 -> 3i and fi: 31 -> ^ <w« mutually inverse lattice isomorphisms between the lattices of ideals of R and of normal subgroups of the Boolean power BP(G, R).
PROOF. It suffices, by Lemma 1, to show that N/iv ^N for every N e 9i. Let then q eN/iv; then a(q) eN/z, that is to say, there is an element p e N such that a(q) = o(p). By Lemma 4 then q eN v ^N, and it follows that N/jtv f^ N, as required. This completes the proof of the theorem.
COROLLARY 6. / / G is a non-abelian simple group then every epimorphic image of a Boolean power of G is again a Boolean power of G. Specifically, if R is a Boolean ring, P = BP(G, R) the Boolean power of G, and \p : P -> Q an epimorphism, then there is an epimorphism <p : R -*• S such that Q s BP(C, S).

A result on Boolean rings
We now turn to the Boolean rings themselves; the following theorem naturally applies to Boolean algebras, too. Sikorski ([4] , § 20 E) remarks that <r-complete Boolean algebras are themselves finite or uncountable; and he bases this on the fact that every infinite Boolean algebra contains an infinite set of disjoint elements. As we need this -apparently well-known -fact, too, but know of no convenient reference to its proof, we sketch our proof of it, or rather of its ring counterpart.
LEMMA 8. Every infinite Boolean ring contains an infinite set of mutually orthogonal elements.
PROOF. Let R be an infinite Boolean ring. If R contains infinitely many prime elements, say n lt n 2 , n 3 , • • •, then l+7t lt l-\-n t , 1+JI 3 , • • • are infinitely many mutually orthogonal elements. If R has only a finite set of prime elements, let their product be n; then n ^ 0, as R is infinite; and 1+Ti has no prime divisors. We can then form an infinite sequence Then Pi+p 2 , P2+P3. Pz+Pf'' ' form an infinite set of mutually orthogonal elements, and the lemma follows.
We turn to the proof of Theorem 7. Let R be a cr-complete Boolean ring and q>: R -*• S an epimorphism. We may assume that S is infinite, and have to prove it uncountable. Let a 1 , <r 2 , a 3 
A counterexample
Our main result, Theorem 5, deals with finitary Boolean powers only; the finiteness conditions enter the proof through Corollary 3 and so through the crucial Lemma 4. To show that these finiteness conditions are not just an accident of the proof method, but an essential feature of the situation, we show that the analogue of Theorem 5 for BP*(G, R) and ft* and v* is not in general valid. To do this we specify an infinite simple group G and a normal subgroup N* of P* -BP*(G, R), where R is an arbitrary infinite tr-complete Boolean ring, such that N* =£N*/n*v*.
Let G be the finitary alternating group on Z = {1, 2, 3, • • •}, that is the group of even permutations of Z that move only finitely many elements of Z; this group is well known to be simple. The Boolean ring R is to be infinite and a-complete, but otherwise arbitrary; in P* = BP*(G, R) we consider the diagonal D, which consists of all elements la with a eG; denote its normal closure in P* by N*. By the extension of Lemma 1 mentioned at the end of § 2 then N*fi* = R, and so N*n*v* -P*. We have to show that (6) N* =£ P*.
Let us first remark that the normal closure of D in P = BP(G, R) is the whole of P, by Lemma 4; hence P ^ N*. However, as we shall see later, also
We define the degree d(a) of a permutation a e G to be the number of elements of Z that are actually moved by a. hence there are only finitely many distinct a', and it follows that p' e P. Thus every element with finite bound is conjugate to an element of P. As we have already remarked that P ^ N*, this shows that every element with finite bound lies in N*. and also that P ^N*. Next we remark that
P(P~1)=P(P) and 0<Pq)£filP)+P(q),
so that the elements with finite bound form a subgroup: this follows from the obvious relations
6{a-1 )=d(a) and d(ab) ^ d(a) + d(b).
Finally, using the equally obvious relation
one readily verifies that here a, b range over G and p, t over P*. It follows that the set of elements with finite bounds is self-conjugate in P*; thus it must coincide with iV*, and the lemma is proved. Finally we remark that there are infinite simple groups for which the analogue of Theorem 5 for complete Boolean powers and //,* and v* is valid: examples are the algebraically closed groups of Scott [3] , the group C of P. Hall [1] , and the infinite groups with only two classes of conjugate elements [2] ; for in all these groups the number n of Lemma 2 does not have to depend on the pair a, b -in fact in all these groups n = 1 will do -, so that in these groups a strengthened form of Corollary 3, for infinite sets A and B and still with n = 1, is valid.
Addendum (19 February, 1965) . Aspirant I. E. BurmistroviS, of the Department of Higher Algebra, Moscow State University, has kindly drawn our attention to some pertinent references. The definition of Boolean powers, not just of groups, but of arbitrarily general algebraic systems, is to be found in Foster [0] . Our Theorem 7 is Theorem 4.4 of Smith and Tarski [4J].
